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tP. 1
XI. “Onthe Harmonic Analysis of Tidal Observations of High

and Low Water.” By G.H.Darwin, F.R.S., Plumiau Pro-
fessor and Fellow of Trinity College, Cambridge. Received
June 17, 1890.

§ 1. Introduction.

Extensive use of the tide-gauge has only been made in recent years,
and by far the largest number of tidal records consist only of cbser-
vations of high and low water (H. and L.W.). Such observations have
usually been reduced by determining the law governing the relationship
between the times and heights of H. and L.W. and the positions of the
moon and sun. This method is satisfactory so long as the diurnal
inequalities are small, but it becomes both complex and unsatisfac-
tory when the diurnal inequality is large. In such cases the harmonic
notation for the tide is advantageous, and as, except in the North
Atlantic Ocean, the diurnal inequality is generally considerable, a
proper method of evaluating the harmonic constants from H. and
L.W. observations is desirable.

The essential difference between the method here proposed and that
followed by Laplace and his successors is that they introduced astro-
nomical considerations from the first and applied them to each H. ad
L.W., whereas the positions of the sun and moon will only be required
here at a single instant of time. In their method, the time of
moon’s transit, and hence the interval, was found for each tide; the
age of the moon, and the moon’s and sun’s parallaxes and declinations
were also required. An extensive table from the astronomical

=

ephemeris was thus necessary, and there still remained the classifica- |

tion of heights and intervals according to the age of moon, and two
parallaxes, and two declinations. The classification could hardly be
less laborious, and was probably less mechanical, than the sorting
processes employed below. There is probably, therefore, a consider-
able saving of labour in the present method, and, besides, | conceive
that the results are more satisfactory when expressed in the harmonic
notation.

My object has been to make the whole process a purely mechanical
one, and, although nothing can render the reduction of tidal observa-
tions a light piece of work, | believe that it is here presented in a
form which is nearly as short as possible.

The analytical difficulties to be encountered in such a task are :

small, but the arrangement of a heavy mass of arithmetic, so as to
involve a minimum of labour and therefore of expense, is by no means
easy. How far | have succeeded must be left to the decision of those
who will, I hope, use the methods here devised.
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When a question of this kind is attacked, the solution cannot be
deemed complete unless the investigation is left in suck a state that
an ordinary trained computer is able to use it as a code of instruc-
tions by which to reduce a series of observations, without any know-
ledge of tidal theory.

An actual numerical example is thus essential, both to test the
method and to serve as instructions to a computer. The Appendix
contains so much of the reduction of three months of observation at
Bombay as will serve as such a code. If the series be longer than
three months, or in such cases as the proper treatment of gaps in the
series, it is necessary to refer back to the body of the paper for
instructions.

I now pass to the theoretical reasons for the rules for reduction.

§ 2. Notation.

The notation of the Report to the British Association for 1883,
and in use in the Indian tidal work and elsewhere, is here followed.

The earth’s angular velocity is denoted by 7; the hourly mean
motions of the moon, sun, and lunar perigee by <, 7, & (77, ceXi/i';,
yXios); the mean longitudes of moon, sun, and lunar perigee by
5 h  p,and the mean solar hour angle by t. The R.A. and longitude
in the lunar orbit of the intersection of the equator with the lunar
orbit are vg and N is the longitude of the moon’s node.

The several harmonic tides are denoted by arbitrarily chosen initial
letters. Those with which we shall principally have to deal are—

Semi-diurnal.
Name. Initial. ~ Speed. Equilibrium argument
Principal lunar m3 2(7—<) 2t+2(A-0-2(«-£)
» solar s3 2(7—7) 2t

Luni-solar. ... xy 2t+ 2(/*-ill)
Larger elliptic N 2y—3a+idf 2t+2 ) —20—£)—0
Smaller 3 L 2y——iv 2t+2(/i—r)—2(s—£f) (s—y

Diurnal.
Luni-solar. ... 7 t+ v)—
Lunar 0 7—2 a t+ {h—)—2(s—F) + B
Solar P 7— 8- 48

The symbol H denotes the mean semi-range of any one of the
les, and kits retardation of phase behind what it would be accord-
og to the equilibrium theory ; f denotes a certain factor of augmen-
a'bn  MBlunar and luni-solar tides depending on the value of hi.
. rhe particular tide to which H, ig f refer will in general be
In 1Gre(l by a subscript small letter, the same as the letter constitut-
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ing the initial of the tide. Thus, for example, the M2tide is ex
pressed by
fMHmcos (2t + 78— )—2(s

I have allowed a departure from this notation in the case of
the tides K2 and K2 where | write H", f* for the first, ad
H', K, i' for the second. The angles 2v" and  (which, like ad
£, are functions of JV) are also involved in the arguments™ (or angle
under the cosine in the expression for the height of the particular
tide) of these two tides.

It is obviously necessary to suppose the reader to have sore
acquaintance with the harmonic notation, or it would be necessary to
repeat the Report on Tides above referred to.

§ 3. The General Method of Treating H. and L.W. Observations.

Isoon of the day on which the observations begin is to be taken &
the epoch, and the mean solar time elapsed since epoch is noted by t
V with the proper subscript letter denotes the increase of argu-
ment since epoch ; for example, Vm—

Then the height of the water fstima
expressed by a number of terms of the form A cos V+B sin F, or, in
an alternative form, R cos (F—£).

In order to explain the principle of the method proposed, let us

take two typical terms involving Vp and and let the rates of
increase of Ve p,and of

Then we have

h = Ap cos Vp+Bp sin Vp+A

Since at H. or L.W. i a maximum or

have—
0 =mApsin Vp—pos 5 Vp+-Asgin cos

Let us write q

Then multiply (1) by cos Vp and (2) by sin Vp, and add; and
again multiply (1) by sin Vp and (2) by cos Vp, and subtract, and we
have—

hcos Vp = Ap-j-Ag(cos Vp cos Vgt kgsin Vpsin VT)'
+ B q¢os Vpsin Vag—kgsin Vpcos F?),

hsin Vo — Bp+ Aq(sin Vpcos Vag—kqcos Vpsin Vg
+Bq(sin Vpsin Vg+ kqcos Vp cos VQ)..

(5

* It is well to explain that 1 have sometimes elsewhere used argument to denote
the argument according to the equilibrium theory, that is to say, with kequal to
zero. In this paper | call the latter the equilibrium argument.
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I_EtZ: I cos ( Vo —Vg)+ cos( +Vg= cos cosF2
A= |cos (Vp—F?—f cos (T"+ F2) = sin T”sin
a—fsin (Vp— Vg)sin (Vp-\-Vg = sin \(/%)éos Vg
S= %in (Vp—Vg)—j sin  + Vg = —cos Wsin VagJ
Also let
F= V+ B f= +V, 1
G = —t)—kof, g= A-f&2.] ©)
Then our equations are—
Acos Fp = ApfVAQ+G (;J)

hsinVp = Bp+iAq+gBg. J

Asimilar pair of equations will result from each H. and L.W.
When a series of tides is considered, we may take the mean of the
| equations and substitute a mean F, G, f, g.
The general principle here adopted is to take the means over such
periods that the mean F, G, f, g become very small. In fact,
shall, in several cases, be able to reduce them so far that these terms

are negligible, and get simply..A jAsin but in other cases,
where what is typified as the ptide is a small one,
of the tides typified as gis large, it will be necessary to 1

Ihe finding of these coefficients is clearly reducible to the finding of
the mean values of (FP£F 2.
Anather useful principle may be illustrated thus : if the q tide does

n>t differ much in speed from the p tide, we may put = + W,
"here r is a small speed. Then we write

It = Bpos (Vp—£p)+-R?cos +
= CO0S Vp{Bpcos %+ B qcostH}
+ sin Vp{Bvsin %—=Bin £)}

If neglect v\p, the condition for maximum and minimum in
injunction with this gives

Acos Vp = Bis cos —f?),

hsin vg= Bpsin — sin (vt—£q).
VoI, XLvui.
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Then taking the mean of these equations over a period begin,
ning with t= 0 and ending when t = Ti/, we have

Ap — Upcos Bp = Rpsin £p)

hCSFp = Jp+ \E ?200S («—

sin \;I’prlf Bp—sin («—£7?),

where \ and « are certain constants, depending on the sum of a
trigonometrical series.

Again, if we take means from t —Tn
have their signs changed.

Hence the difference between these two successive sums will give
\B gos (*—%) and \B gsin (a—£?). There will be usually two terms
such as those typified by gand we shall then
means, viz., one beginning at 7r/2r and ending at 3?r/2r, and the other
beginning at 3w/2r and ending at 5w?2r. From the difference of
these sums we get —\Bqsin («—gg and \Rqcos (x—£?). From

these four equations the two Bgand
solution is a little complicated in reality by the fact that it is not
possible to take t —0 exactly at the beginning of the

the first tide does not occur exactly at noon, but this is a detail which
will become clear below.

When all the A’s and B’s or JS’s and f’s have been found, the posi-
tion of the sun and moon at the epoch, found from the Nautical
Almanac, and certain constants found from the Auxiliary Tables in
Baird’s *Manual of Tidal Observations,”™ are required to complete
the evaluation of the H’s and K.

The details of the processes will become clear when we consider
the various tides.

It may be worth mentioning that | have almost completely
evaluated the F’s and G’s, which give the perturbation of one tide
on another, in the case considered in the Appendix. Without giving
any of the details of the laborious arithmetic involved, it may suffice
to say that the conclusion fully justifies the omission of all thase
terms, which are neglected in the computation as presented
below.

8 4. The tides N and L.

These are the two lunar elliptic tides.
For the sake of brevity all the tides excepting M3 N, L ai®
omitted from the analytical expressions.

Since Vn— Vm—(—vnt,= («—

* Taylor and Francis, Fleet Street, 1886.
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the expression becomes

h="Amcos Vinf* Bnsin
+  CoS ft],
= cos VM{AM+ r m cos [(<r—ar)i+ fa]+E/COS [(<r— &J}
+ sin Vm{Bm+ Rmsin [fa—*r)£+ fm] — [(— —£j1}

Hence, taking into account the equation which expresses that h is
amaximum or minimum, and neglecting the variation of s— com-
pared with that of Vm we have—

has Vin= Am+ Rncos [ (a— W) t+ £
. (8).
hsin Vin = Bh+Rnsin [(a—vr)t + £, ]—Ri sin [(—Tv)t—<g ®
The mean interval between each tide and the next is 6210 hour's.
Then if ebe the increment of s— pin that p
equal to 0°°54437 per hour, eis equal to 303807), and if a, b be the
values of(<—&))  and ( a—

consideration, the equations Corresponding to the (r -f 1) Ihtide are
approximately—

1—Am+ Rncos @ re) +Ricos( +re),]

m+ Rndn (a+re)—Risin ( +re) J %
If we take the mean of n+1 successive tides, the tw

on the right of (9) will be multiplied by a("~h1)eA"an(j the r f the

arguments a-fre, b-fre, will be equal ytfc|> . S”:? the (w+ 2)th tide

falls exactly a semi-lunar-anomalistic period later than the first,
(w+1)e = ;. On account of the incommensurability of the angular
\elacity a-tthis condition cannot be rigorously satisfied, but if the
whole series of observations be broken up into such semi-periods,

Ehen on the average of many such summations it may be taken as
rue.

Then, since is a small angle,

(w+ 1) sin = *2 and sin Mw-|-l)e = 1;
i ce the factor is 2/*-.
A Again Ine = . thus, if n+\isthe

1a semi-anomalistic period, our mean equations are—

_m >

008 Tm— Am} = —Rsin sin (5—J

_ > (10),

AOH-1)M 8u Vm— Bm)= Rncos(a—"e)— c0s (b—"€

X'2
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where the summations 2 are carried out over the first semi-lunar-
anomalistic period, which may be designated as

In applying these equations to the next semi-period 2, the result
is got by writing )e or for a, and for b.

Thus the equations are simply the same as (10), with the signsm
the leftchanged.

The equations for semi-periods 3, 4, &c., will be all identical on the
right, with alternately + and — signs on the left.

Let the observations run over m semi-lunar-anomalistic periods;
then double the equations appertaining to periods 2, 3, . . . (w—),
and add all the m equations together, and divide by 2(m—1), and we
have—

i

P

_i_(_ﬁ___; r)\(\rﬁ_:(f?s = —Brsin (al—’\e)—Ei S

1

(1D,
ZZ;)_:.i:_l)(r;]_:jjrzhsn']Vm: B(a—\e)J—R 1COS

where 2 now denotes summation of the following kind :—

{2(1)-2(2)} + {2:(3)-2(2)} + {2(3)-2(4)} + {2(5)-2(4)}+Ac.f

the numbers (1), (2), &c., indicating the number of the semi-lunar-
anomalistic-periods over which the partial sums are taken.

Suppose the whole series of observations to be reduced covers
2m+ 1 g'warter-lunar-anomalistic periods, which we denote by i, ii,
iii, &c.

First suppose that the semi-period denoted previously by 1 consists
of i +ii, that 2 consists of iii-f-iv, and so on.

Let tO be the time of the first tide of the series, and since we

take noon of the first day as epoch, tOcannot be more than afew
hours.

Let j— zr)fo— 1°'0903—(<—
Then a—e— (a—w)t0+",,—e=1
(12).
b—ie = (@—w)k—gi— = —(D+i)-.
Theu denoting the operation 2 by S° (the mark 0

4w+ 1)(m —1)
indicating that the first tide included is nearly at epoch, when
(c— w)t= 0), we have from (11) and (12)

S°h cos Vm——Bnsin (E»—j)+ R sin

S7isin Vm=  Bncos (—Ricos (gt+]j)



1890 Harmonic Analysis of Tidal Observations. 285

Secondly, suppose the semi-lunar-anomalistic period indicated by
1 consists of ii + iii, that 2 consists of iv+ v, and so on.

Obviously the result is got by writing ar) for fc
or, what amounts to the same thing, by puttingj— in place of
but we must also write for S°, so as to show that the summation
begins when (a—w)t is nearly equal to jyt. Then—
Scos Vm——Hncos W —j)~  cos (ft
> .
Si*hsin Ve —i?»sin %n— ) —kin(
Hence R»sin (E»—j) ——S Phos "H#
22*cos(£*—j) =S°hsin Vm—SifthcoavVm [
foe...... a»-
Risin (gi+j) = S°ftcos Vm—S  sin F»,
Ricos (£; ® bn
These four equations give the four unknowns adi Is

equal to 1°69—(<—w)tQ.

Then if ui denote the equilibrium arguments of the tides N and
L at epoch, we have—

un= 2 (h8—j) —%(so?)  («0—po)»
Ui —  2(ho—r)—2(s0—f) + +w,

where 7, s p0 are the mean longitudes of moon, sun, and lunar
perigee at epoch, and v and £ are small angles, functions of the lon-
gitude of the moon’s node (tabulated in Baird’s Manual).

Then if imis the factor of reduction (also tabulated by Baird) for
the tides M2 N, L,

Kn—= 2'ln «J—+ uli

= A > e— b* Ri

In this investigation the interferences of the solar and diurnal
tides are neglected, on the assumption that they are completely
eliminated.

The difference between a lunar period and an anomalistic period is
80 small that the elimination of the diurnal tides will be satisfactory,
but the effect of the solar tide will probably be sensible, unless we
have under reduction 13 quarter-lunar-anomalistic periods, which
only exceed 6 semi-lunations by about 25 hours.

The evaluation of the elliptic tides N and L from a series of obser-
vations shorter than a quarter year would be very unsatisfactory, and
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it is not likely that sack an evaluation will be attempted. But if
suck a case is undertaken, tke solar disturbance may be found by a
plan strictly analogous to that pursued below in tke case of the
tides Kj, (P The reader may be left to deduce tke requi
formulae from tke theory in § 3.

In tke case of a long series of observations, each quarter year
should be reduced independently, and tke mean values of H» cos k,and
H» sin ka should be adopted as the values of tke functions; whence II,,
and m are easily found. The L tide is, of course, to be treated
similarly.

§ 5. The Tide M3

This is the principal lunar tide.
If we take the mean of w+ 1 successive tides, the equations (9) give
us approximately—

—— C0S —-Am sin Vn—an.... (16).
n+ 1

We here assume that in taking this mean over an exact number of
semi-lunations, the lunar elliptic tides, the solar tides, and the diurnal
tides are eliminated.

With respect to the elliptic tides, this condition can only be ap-
proximately satisfied, because no small number of semi-lunations is
equal to a number of anomalistic periods, and the like is true of the
diurnal tides. In the example given below the diurnal tides are much
larger than the elliptic tides, and | have found by actual computation
(the details of which are not, however, given) that the disturbance in
the value of the M2tide arising from the diurnal tides is quite insen-
sible, and it may be safely accepted that the same is true of the dis-
turbance from the elliptic tides.

With respect to the disturbance arising from the principal solar
tide S3 | find that it is adequately, although not completely,
eliminated by making the number 1 of tides under summation 2
cover an exact number of semi-lunations.

If the whole series of observations be short, it would be pedantic
to attempt a close accuracy in results, and we may accept these
formulae ; if the series be long, the residual errors will be gradual!)
completely eliminated.

We have then—

Tim COS d5i — , Tm Sin d)Jne
If umbe the equilibrium argument at epoch, we have
Mn— 2(h0y  2(s0—£).

Whence Kn=  +tim and
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il The meanings of hQ sQy,
section.

8§ 6. The Tides S2and K3

These are the principal solar and luni-solar semi-diurnal tides.

If the tide S3is in the same phase as K3at any time, three months
later they are in opposite phases. Hence, for a short series of obser-
vations, the two tides cannot be separated, and both must be con-
sidered together. It is proposed to treat a long series of observations
as made up of a succession of short series ; hence | begin with ashort
series.

For the sake of brevity all the tides excepting S3and K3 are
omitted from the analytical expressions.

Since V"= Vs+ 2vt,

h= Bsos (TW ,)+B"cos it-?"),

= cos Fi{R*cos + B" cos (2jt—qg 3}
P

-fsin vV§{BSsin &-JB" sin (2

Hence, taking into account the equation which expresses that h is
amaximum or minimum, and neglecting the variation of 2 or 2
compared with that of Vg we have—

has Vs —Bscos £s+B ™" cos (2
hsin Vs= Bssin 9%6—B"sin  £").
The mean interval between each tide and the nextis 6h210. Then
if gbe the increment of 2 hi that period (so that w
0 082 per hour, gis equal to 00510), the equations correspon

the (r+ I)thtide are approximately—

hcosVs—Bscos &+ cos ( —
@a7).
hsin Vs =Bssin £5—B" sin (rg—£")

Now, if P be the cube of the ratio of the sun’s parallax to its mean
parallax, the expression for S3 together with its parallactic inequality
(the tides T, E of harmonic notation), is PHScos (2t—s).

Since t is the mean solar hour angle, 2t is the same thing as Vs

Hence Bt

Also if P be the value of P at epoch, then for a period of two o
éf[%g[ months we may take P = where is equal to
jdt.
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Again, if we put 7 = g-> we have

B"= f'H" = f"TH,.

Also since the argument of the K2tide is 2t-\-2h—2>"—  where
2v"is a certain function of the longitude of the moon’s node (tabu-

lated by Baird), and since t = 0, h—
—g'= 2 he— —k".
Now, when the means of the equations (17) are taken for »+]
successive tides, the latter terms become — R,/ (>hg— where
S L -
Also, if we write
to— 2h0— 2v
n = P OHX 6h 21),
C et cos Vs, (19),
1 .
n+ \2ft. sin Vs,
our equations become-
As= nHscos &s+f"XBH, cos (to—k"),
(20).

Bs= I1HSsin ks—f"" \vH#sin («,—«"").
It may be observed that Il is the mean value of P during the interval

embraced by the n-\-1 tides.
In reducing a short series of observations we have to assume what
is usually nearly true, viz., that t¢" = , and 7 = 0*272, as would be

the case in the equilibrium theory of tides.
With this hypothesis, put

Jos0 = n + W»f" costo,
JJdin0 55 X,f’sin to,
from which to find JJand 0. Then
Aa— HjCTcos 0),

Bs= H,Jsin (tcs—<),
from which to find Hs and K3

Lastly, K'= k5, H"= 7HS= 0*272 EL.
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In order to minimise the disturbance due to the lunar tide M2 we
have to make the n +1 tides cover an exact number of semi-IL
namely, the same period as that involved in the evaluation of M3,
The elimination of the M2tide is adequate, although not .so com-
plete as the elimination of the effect of the  tide on M2, because M2
is nearly three times as large as S2

A Long Series of Observations.— Suppose that there is a half year of
observations, or two periods of six semi-lunations, each of which
periods contains exactly the same number of tides.

Then each of these periods is to be reduced independently with the
assumption that 1y = 0272 and ks= K'. If this assumption is found
subsequently to be very incorrect, it might be necessary to amend
these reductions by multiplying \n by H”-f-0'272HJ and by adding
Ke—K'tow; but such repetition will not usually be necessary. From
these reductions we get independent values of H., cos K3 Hssin ksfrom
each quarter year, and the mean of these is to be adopted, from which
to compute Hs and ks. It remains to evaluate H" and K".

The factor f'* and the angle 2v"ary so slowly
be neglected from one quarter to the next, although each quarter is
supposed to have been reduced with its proper values.

Let h0and IN0be the sun’s mean longitude at the two epochs; they
will clearly differ by nearly 90°, and we put 2h'0= 2h0+ 7r-\-28h.
Hence it is clear that the value of w in the second quarter is
w2 L

Thus the four equations, such as (20), appertaining to the two
quarters, may be written—

A, =nH,cos *,+— .f"H" cos («@—*""),
7
B, nAH,sin — . f"H"sin (w- K'),
> (21),
As' = ITH, cos Ks-— of""H"cos(u>+ 23&-*")>
B; = n'H,sin * +— FH" sin (» + 2M-ic”)»

7
Ql;'\ere thg gccented symbols apply to the second quarter, and where

>pi(w+l)g "
(a+i)sin 0*656, a constant.

From (21),

N-H/-(n-n")H ,cos/c, = 2— «f""H" cos Bhcos («>+«/*-*"),
7

B‘+B;+(n-n")H,sin = 2—«f""H" cos chsin (w-M7i—w).
7
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Prom these two equations, H" and k" may be computed, and sinee
U—n' is very small, approximate values of H*cos H,sn”
suffice.

8§ 7. The Diurnal Tides K0, P.

Amongst the diurnal tides | shall only consider Kj the luni-solar
diurnal, O the principal lunar diurnal, and P the principal solar
diurnal tides.

There is the same difficulty in separating P from K as in the
case of K3and S2 and therefore in a short series of observations P
and Kxhave to be treated together. It is proposed to treat alog
series of observations as made up of a succession of short series;
hence | begin with a short series.

For the sake of brevity all the tides excepting KI5 0, P are
omitted from the analytical expressions.

If \Vm denotes (7— a)t,we have
— W at>\Vo —jjvm  at, —
h —d! cos (2 F»+ a—) ~~B0ws (
+ Bp cos ("Fm+
= cos \V m{Bicos (at— + RO to) cos ((&
+ sin*F«{ —XRIsin (at—%) +BGin (at+ ¢

Hence, taking account of the equation which expresses that isa
maximum or minimum, and neglecting the variation of at compared
with that of \V m* we have—

hcos|F» = B'cos (at—t)
hsin\V m= —B! sin (at—t) +BGin  +

The mean interval between each tide and the next is 6h,210. |

Then if e be the increment of s,
that period (so that with a equal to 00,5490 per hour and a—3j
equal to 004669 per hour, e is equal to 30,4095 and z equal to 208994);
and if a, b, c denote the values of , at+ £0, at the
time of the first tide under consideration, the equations corresponding
to the (r+ I)thtide are approximately—

hcos"Vm= B'cos (a+re)
>. (Al
lisin\V m——B! sin (a+re) +BO0sin (6+ re) —Bpsin (c+ rz).J

If we take the mean of n \\sucosssive tides, th

* | have satisfied myself by analysis, which | do not reproduce, that ontalne
means this error becomes very small.
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will be multiplied by an(™ “he last term by the similar

function with zn place of e; also the r in the arguments n
put equal to \n.
If the (%i+ 2)thtide falls exactly a semi-lunar period later than the
first, (n+he = ir.On account of the incommensu
angular velocity «; this condition cannot be rigorously satisfied, but
if the whole series of observations be broken up into such semi-
periods, then, on the average of many such summations, it may be
taken as true.

Since \e is a small angle, (w+ 1) sin and sin *(«-|-e = 1;
hence the first factor is equal to 2/7r.
Again,

— \(n+\e.- = -Ww..—— = 76°32"in deg

and (n+1)sini3= in~.f:Z2".
a

Therefore
siiij(«+ )2 2 2 2
(,%15\3," [l e sin 76° 32" = — X11436 = — X X suppose.
Again  me  hr-\e- |-7r—I0,7048,
\nz = \1—13°-4647—104497 = i,r-140-9144,
Now let
X = a- 1°-7048,
3="Db- [°-7048, y (23),
I
7 = c-14°-9144J
and we have
a-f-"ne = 47l
bewne —jjir+ (24).

c-f- nz—\ir+ 7.

lhus, if n+ 1 is the mean number of tides in a semi-lunar period,
'he means of equations (22) become

2(n-HT)2~ax%s \Vm —JB'sina— R 0sinftXi2
+ (20),
2(nfl)* h&n2 Vim——R tos @+ Ro cos cos 7

ie the summations are carried out over the first semi-lunar
110 * which may be designated as 1.
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In applying these equations to the next semi-period 2, the result is
obtained by writing a+(w+1l)e for a, 6+ (n+1)e for , ad
c+(n+V)z for c; that is to say, a+m for , b+ir for 1} a
c-f 153°0706 or c+ *—26°*9294 for c.

If, therefore, we put e = 26°'9294, we obtain the result from (25)
by changing the signs on the left and writing 7— for 7.

The equations for semi-periods 3, 4, 5, &c., will be alternately 4.
and — on the left, and identical as regards the terms in « and ft, but
with 7 —2e, 7—3e, 7—4e, e, successively in place of 7.

Let the observations run over m semi-lunar periods; then double
the equations appertaining to periods 2, 3 ... (m—1), add all them
equations together, and divide by 2(m—1).

The terms in Jpwill involve the series
SR Gt 2\ (7-6) +2 (7 2e)+ (7-(w-1e).
This is equal to
osin 2 (m—)e sin , 1VN
2~ teos™NM-i1n - 1))

Then if we put

—_ = *
p= (m—1) tan where \ = 1*1436,

our equations (25) become

4(n+1)(m -1j~ hC08%/m
= —B'sina—BO0sin —/iB" sin (7—"(m—l)e),

FEThm=sp 2
= —B'cosa+ RO0Ocos/3—  cos (7—"(m—

where 2 now denotes summation of the following kind —

{2(1)-2(2)}+{2(3)-2(2)} + {S(3)-2(4)}+.

Suppose the whole series of observations to be reduced covers
exactly 2m+1 quarter-Ixni&r periods, which we denote by I, I, I1I*

First suppose that the semi-period denoted previously by 1 consists
°f 1+ 11> that 2 consists of 1111V, and so on.

Let tOdenote the time of the first tide of the series, and since noon
of the first day is epoch, tOcannot be more than a few hours.

kef i= -le— atc= 1°-7048—
@7),

. (26),

and k=+4z-(<T-2V)t0=r-U 97-(<r-2v)t0
i and kare clearly small angles.
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j Since e= 26°°9294, 7<:4-104497 = 14c¢9144 ; and from (23)
a —CtO—<£—1°7048 = —(r+ ?j"l
p =0+ £0-0,7048 = (£,-»), Yoo (28).
7= (@— 2rj)to—fp—1409144 _ —\eJ

If the same notation be adopted as that explained in §4 (the only
difference being that we now deal with quarter-lunar instead of
ji quarter-anomalistic periods), we have

S°hcos"Vm —t' sin (t/4~?) —R 0 (g
-— R'cos (T + 1) cos (E0— ) —/iRp cos (£), 4 &4-"me),
... (29).

Secondly, suppose the semi-lunar period indicated by 1 consists of
Il + 111, that 2 consists of 1Y 4 Y, and so on. Then, obviously,

the result is got by writing t0+  \#{or tO\ that i
for i and k—\<r—2/7)77-/0,0r It—H + yir/a for k. But 97403 is equal to
4e, and we write k ¥--ffe for Kherefore, follo

used in 84 for N and L,
SWtcos"Vm  —R'cos (E'+1i) —R6os (E—)

—I[iRp cos ("p4-"4-2(w'i M)’
SHsiniF*  —R'sin &+i)-R 0sin (£,-1)

—juRp sin (fi,4-/t'4-Km+ 1)c)-

These four S’ require correction for the disturbance due to the

semi-diurnal terms M3and S2 and | shall return to this point later.
In the meantime write

X1 —"°h i W4orr., Z} = sin ABY) corr.
and we have—

47D NOsin (To—)—uRpsin cos 4 442 41)6>

a(X—Y)=  ffocos(fo— i—Bin  sin (34 4 +  De),

2QW 2Z) Ji sin (£ 4-f)p Bos 46 sin (E%- 4-

2AX+Yj = j{cos(™4-i)—  coscos(Ep 4 & 4-1)e). (33)

If we PUA L= {1(X4Y)4 4 ttanH I
we {1( ) ROS(T (3}4)6}n

M= {|(W —2) tan je, /
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the equations (33) may be written—
i(W+2)—L = sin (JTo—
E(X—Y)+M= ROCOA(E0-). " &)

The four equations (32), (33) involve six unknown quantities
R’, RQ £/» an(i ar©insufficient for their determination.

In reducing a short series of observations it is necessary to assume
what is usually nearly true, viz., that = k, and Hp/H' = 03309
as would be the case in the equilibrium theory of tides.

Then, writing gfor 0'3309, we have approximately
The argument of the tide is t+ (Ji—»/)—>iIr—k, where V is a
certain function of the longitude of the moon’s node (tabulated by

Baird) ; and the argument of the P tide is t— —p.
At the noon which is taken as epoch t = 0, = and the two
arguments are equal to — and —%.
Hence — =
—f>= — K+Nir—ip
Therefore fp= £'+2h8~v —7T+ («p—
Putting Kp— k as explained above,
+ &= £ Rv'—+7Z,
where L= h—i = [I°-450— {a—2j)t0_—{1°
= —0°255+ 2fo, a small angle................. (36).
Then, if
we have
Let

whence T and yjr may be computed ; and

From these we compute H* and and g+i.
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Then if u'= hO—v —the equilibrium argument
1lof &> , v,
K —f'+
We have also Hp = gHf= 03309 H', =

k.
| Returning to equations (34) and (35), we compute R’ = f'H'
tand hence R1  (E'++£), and then L and M.

Having these, we compute RGnd from (35).
Then, if U0—hbB-v—2(s0—£) + |rfr, the equilibrium argument a
epoch of 0,

K= £0+wQ and RO=

*0

where f, is a certain function of the longitude of the moon’s node,
tabulated in Baird’s Manual.

A Long Series of Observations— Suppose that there is a half year of
observation, or two periods of thirteen quarter-lunar periods, each of
which contains exactly the same number of tides.

Then each of these periods is to be reduced independently with
the assumption that q = 0*3309 and = «'. If this assumption be
found subsequently to be very incorrect, it might be necessary to
amend these reductions by adding w—« to the value of o, and by
multiplying pmby Hp 4- 0'3309 Hr, but such repetition will not
usually be necessary.

From these reductions we get independent values of H' cos k,
Hsin KR HOcos KJ HOsin K0 from each quarter year, and the means
of these are to be adopted from which to compute H', k, HQ KO

It remains to evaluate Hp and «p.

The factor ' and the angle v vary so slowly that the change from
ore quarter to the next may be neglected, although each quarter is
supposed to have been reduced with its proper values.

hef K h'0be the values of the sun’s mean longitude at the two
epochs; then since the second epoch is nearly a quarter year later
f mxthe first, h'Owill exceed hOby about 90°.

Let ho— hal-1,- | sh, so that hh is small.
« t +S£, fp+dgp be the values of at the second epoch, we
e ffos —  + + £ =— and therefore
H --\TT~hh.
@t — be- +in fp—hbo ij-\+KP, and
Let i+M, Be the values of i and h corresponding to the

second epoch, and let W', X', Y*, Z' be the values of those quantities
*f second quarter. Then, replacing 4 (2m+1)e by 87°"5, since
B value when 2m+1 is 13, we have from (33)
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i(W'Z"') =-E "cos (S'+i+U—th)
+fiUpcos cos( f j Bkt 5

I[(X'+Y") =-B 'sin($'+e+* —*&)
+fiBpcos ~csin
i(W—2) = Psin +0 cos "esin (Ep-j-fc+ 870*5),
ANNX-1-Y)  —— Bas (M +1i) — pos  cos
Hence
I((X+Y) — R'sin-| sin (' -H+ | (m—ih))'

+ /iBp cos je cos NEZg+ ) cos (N + it A+ -f-87°5),
i(W-Z)+|(X'+Y ") =-B'sint(M-Sh) cos(g +i+I(ti-Sh))
-fjuBpcos  cos i|G&+ Bit) sin (Fp+ (E&+ 4-8705).

In these equations B' is equal to f'H" and Bp is equal to Hp.

The terms involving B! are clearly small, and approximate values of
B' and £', as derived from the first quarter, will be sufficient to com
pute them. Afterwards we can compute Bp or Hp and fp; then if
W denotes —h0-\"7r, the equilibrium argument of P at the first
epoch, ip = £p+ Up.

The values of Hp, kthus deduced ought not
from those assumed in the two independent reductions.

The same investigation serves for the evaluation of the P tide from
any two sets of observations, each consisting of thirteen quarter-lunar
periods, and with a small change in the analysis we need not suppose
each to consist of thirteen such periods. But the two epochs musthe
such that sin Sh small and cos
analytically correct, will fail in their object.

§ 8.— The Disturbance of K120, P due to M2and S2

It has been remarked in § 7 that the diurnal tides are perturbed
by the semi-diurnal. The general method has been given in 83 by
which to calculate the effect on any one tide, whose increment of
argument since epoch is Vp and speed is p, due to a tide whose incre-
ment is Vg and speed q.

Since in the present instance all the diurnal tides have been
consolidated into one of speed 7—<;, we have to calculate the effect
of the tides whose speeds are 2(7— a)a
speed is 7—d. It follows, therefore, that the factor gjp or kgof (3
is in the first case equal to 2(7—o0-)/(7—<) or 2, and in the second
case is 2(7—17)/(7— a)or 2,070 ; or km= 2,= 2'0°
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The coefficients F, G, f, g, as due to the tide M2 of speed 2(7— ,
i wip bewritten with suffix m, and as due to the tide S2of speed
2"N—j), with suffix s. The sums and means have also to be taken
in the two ways denoted by S° and Sbr. Hence we have altogether
to compute sixteen coefficients, which by an easily intelligible nota-
tion may be written F FG), . .. ), gs(\vy
1 In order to compute the sixteen coefficients, it is necessary to find
the mean cosines and sines of the four following angles, viz..—
\V,,£ Vm \ Vit Vs, and the means have to be taken in the two
ways denoted S° and S'77
These means are exactly the same in form as what the means of
1 hss and hsin (which had to be evaluated in S° and S”) would
1oe if all the heights were regarded as positive unity, irrespective
of whether they are H.W. or L.W. Hence the same plan of com-
; pntation serves here as elsewhere; the plan is explained in the
following section.
By comparison of equation (7) and the definitions (31) of W, X,
f Y, Z in the last section, we have —

5W= $JicostVm~{AnFnQ +BnGJ°) +A,-Flto+B,G/’>}, 1

X = Shsin 2Vn —{AJ.JA -»-BngudA) + BgJAj,
t Y (42).
Y= A ihcoBAVM-{ A nFn(i-)+BnGn(” + A s¥sd-)+BaGs" }
The four quantities Am BmAs,

tions of the tides M2and S2; whence the corrections referred to in
§7are calculable.

§ 9. On the Summations.

It will be seen from the preceding sections that sums have to
he found of the following functions :—

, Cos 7 cos fcos 1
"sin7” '‘sin7- hsiA 7"’
aad also of
Cos Cos
sin2ym Z * 7- § 3 T»+7'>
t is necessary to calculate the five angles Vs, and

*/or each tide, and the reader will easily see, by the example in
Appendix, how they may be computed with considerable rapidity,
h”  °f an auxiliary table A
e computation of sines and cosines and multiplication by heights,
IDyy sufficient accuracy, be abridged, by regarding the cosine or

XLVIIL. %



208 Prof. G. H. Darwin. [June 19,

sine of any angle lying within a given 5° of the circumference &
equal to the cosine or sine of the middle of that 5 .

The process then consists in the grouping of the heights according
to the values of their Fs (Vm F, as the case may he). The
heights in each group are then summed. Since the L.W. heights ae
all negative, they are treated in a separate table, and are considered
as positive until their combination with the H.W. at a later stage.
We shall, for the present, only speak of one of these groupings,
taking it as a type of both.

Since 0 +180°) = —  * the eighteen groups forming the

3rd quadrant may be thrown in with the 1€ quadrant by a mee
change of sign; and the like is true of the 4th and 2rd quadrants.
Since cos (180°—a) = —cos a and sin (180°— = sin g, it follows
that we have to go through the 2rd quadrant in reversed order, in
order to fall in with the succession which holds in the 1s quadrant,
and, moreover, the cosine changes its sign, whilst the sine does not
do so. Hence the following schemes will give us the eighteen groups
which all have the same cosines and sines :—
for cosines

(1st—3rd) —(2nd—4th) reversed,
for sines
(1st—3rd) + (2nd—A4th) reversed.

Thus, one grouping of the heights serves for both cosines and sires,
and, save for the last step, the additions are the same.

The combination of the H.W. and L.W. results is best made at the
stage where 1st—3rd and 2nd—4th have been formed.

The negative signs for the L.W. results are introduced before

addition to the H.W. results, and total 1st—3rdand 2nd—4thare thus
formed.

After the eighteen cosine and sine total numbers are thus formed,
they are to be multiplied by the cosines or sines of 2° 30", 7° 30", 12°30,

. 87°30. The products are then summed so as to give J
It was noted at the beginning of this section that we also hae

sums of the form 2 These sums are obviously made by entering

unity in place of each height, and, of course, not treating the Lw. &
negative. Thus, where the H.W. and L.W. are combined it is not neces-
sary to change the sign of the L. W., as was done in the combination of

H.W. and L.W. for 2k These summations are considerably Lss
laborious than the others.

In the case of the tides Maand S2 the division of the sums  sji
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" hy the total number of entries gives the required results. But for
N, L, and similarly for the diurnal tides K 0, P, the grouping and
I summations have to be broken into a number of subordinate periods,
\ which are to be operated on to form S° and SK  The multiplication
kK by the eighteen mean cosines and sines is best deferred to a late stage
ICin the computation.
y Thus, for example, for N and L, the quarter-lunar-anomalistic
p periods, i, ii, iii, &c., are treated independently, and we find
(Ist_3rd)-j-(2nd—4th reversed) for each. There are thus eighteen
cosine numbers and eighteen sine number’s for each of i, ii, iii, &o.
We next form the snms two and two, i HHii, iii + iv, &c.; next find
i the differences (i+ ii) —(iii-f-iv), (v+ vi) —(iii+iv), &e.; add the
B differences together; then multiply by the eighteen cosines or sines

T
of 2|°, 7|°, &c., and finally multiply by 1)’ an(" so

We next go through exactly the same process, but beginning with
i instead of i, and so find SWi g?r,?.
The same process applies, mutatis mutandis, for finding S° and

Sl*gfﬁ,

There are two cases which merit attention in particular. The
sorting of heights in quarter-lunar-anomalistic periods, according to
values of Vim serves, in the first instance, for the evaluation of N”and
L, but it serves, secondly, to evaluate M2 for we then simply neglect
the subdivision into quarter periods and treat the whole as one series,
hut stop at the end of a semi-lunation.

The sorting of heights in quarter-lunar periods, according to the
"“\Values of | Vm also serves several purposes.

We first find from it S° and SWt @ \ Vm and secondly, by merely

counting the entries in each group for each quarter period, instead of
adding up the heights, we arrive at S° and Si* cos (It may be
n°ted in passing that what is wanted, according to preceding analysis,

is the sum of ~?8 (jV m—Fn), so that there will be a change of sign in
the sine sum to get the desired result.)
Mut, besides these, S° and Si”™*  (\Vm+ V,j)) can be obtained with

Th 6" accaracy trom the same sorting.

e angles jV mwere sorted in four times eighteen groups, for each
e eidnnar Peri°d. If each angle were multiplied by three, the
ftleen entries of the 1s quadrant would be converted into three
&°nps of six, lying in three quadrants, viz., Is, lird Illrd; the

& = o
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2rd quadrant is changed to IVth Ist, IInd; the 3rd to Il Iyth J.J
I»t. and the 4thto IInd I11rd, IVth. Hence eighteen entries of I»t 3J J'g
are converted into three sixes, Is¢—Ilrd, IIndVth —{Ist—Ipdi. ...
and eighteen entries of 2nd—4th are converted into three sixes 1
—o{lIndVth}, Ist1Ird, I1rd—Vth If

Hence a new Ist— I1rd of six entries is made up thus:— 1

first six of former 1st—3rd
-fsecond six of former 2nd—4th
—third six of former 1st—3rd.

And a new |Ind—Ythof six entries is made up of

—first six of former  2**—4th
-fsecond six of former 1st—3rd
+ third six of former 2nd—4th.

These Ist—1Ird and IIndY h maj now be treated just like the
other ones. Thus, without calculating | we have from the former
1st—3rd and 2nd—4th the results of a fresh grouping according to
values of f Vm

It is true that there is a considerable loss of accuracy, because dll
angles within 15° are now treated as having the same sine ad
cosine.

8 10. Hidesfor the Partition of the Observations into Groups.

It appears from the preceding investigations that it is required to
divide up the observations into groups. This may he done, with al
necessary accuracy, and with great convenience, by dividing the tides
just as they would be divided if every H.W. followed L.W., and
versa, at the mean interval of 6h'2103.

How a quarter-lunar-anomalistic period is 165h3272, a quarter-
lunar period is 163t*9295, and semi-lunation is 354h.3670. Hence,
dividing these numbers by 6h*2103, we find that there are 2662145
tides in a quarter-anomalistic period, 26*3964 in a quarter period, ad
57*0612 in a semi-lunation.

Tt may be remarked in passing that these results show that the
n+\ of (10), § 4, is 53*243, and the 1 of (25), § 7, is 52*793.

It is, of course, impossible to have a fractional number of tides, |
and, therefore, we make a small multiplication table of these numbers, |
and take the nearest integer in each case. 1'or example, in the cae
of the semi-lunations, we have—

1 570612 57. 4. 228*2448 228.
2. 114*1224 114 5. 285*3060 285.
3. 171*1836 171. 6. 342*%3672 342.
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1 These have to be divided betweeu H. and L.W. For the sake of
m convenience, | suppose that we always begin the series with a H.W.,
k then when the integer is odd we put in one more H.W. than L.W.,

i and thus have the following rule:—

No. of semi-lunation .. 1 2 3 4 5 6
No. of last H.W. in the

semi-lunation.......... 29 57 86 114 143 171
No. of last L.W. in the

semi-lunation.......... 28 57 85 114 142 171

The HW. and L.W. are here supposed to be numbered consecu-
tively from 1 onwards in separate tables.

The other rules of partition given in Appendix E are found in the
same way.

8 11. On the Over Tides.
Observations of H. and L.W. are very inappropriate for the deter-

( mination of these tides (of which the most important are M4, Mf,

St, S8), because they express the departure of the wave from the simple
harmonic shape, and we are supposed to have no information as to
what occurs between two tides. These tides make the interval from
H. to L.W. longer than from L. to II.W., and there is no doubt that,
assuming the existence in the expression for of a term of the form
Adieos2FNE B2»sin2Fw, we shall get an approximation to AZnand
i« by finding the mean of hos 2

putation of the F, G, T, g, coefficients for the perturbation of M4 by M2
would be essential, and thus the amount of additional computation
would be very great, whereas in the analysis of continuous observa-
tion the overtides are found almost without any additional work. |
am inclined to think that it would be best to obtain hourly observa-
tions for several days at several parts of a lunation, and by some
methods of interpolation to construct a typical semi-diurnal tide-
"‘Wae, from which, by the ordinary methods of harmonic analysis, we
could find the ratio of the heights of the over-tides to the funda-
mental, and the relationship of their phases.

1 make no attempt at such an investigation in this place.

§12. On the Annual and Semi-annual Tides.

These tides are frequently of much importance, so that they ought
n°t  be neglected from a navigational point of view. It is obvi-
°nsly impossible to obtain any results from a series of observations

1 ot less than a year’s duration.

lies for the partition of tides into months or 12th parts of a year
ao given in the Appendix E. The mean of all the H. and L.W. ob-
servations for each month may be taken as the height of mean water
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at the middle of the month, and the 12 values for the year may”
submitted to the ordinary processes of harmonic analysis for the evalu-
ation of these two tides.

We have supposed in the previous investigation that the tice
heights are measured from mean sea-level, and although it is
necessary that this condition should be rigorously satisfied, it might
be well, where there is a large annual tide, to refer the heights to
different datum levels in the different quarters of the year.

§ 13. On Gapsin the Series of Observations.

It often happens in aetual observations thatafew tides are missing
through some accident, or are obviously vitiated by heavy weather.
Now the present method depends for its applicability on the evanes-
cence of terms in the averages. It is true that it is rigorously g
plicable even for scattered .observations, but if applied to such acae
all the E, G, f, g coefficients have to be calculated, and, as every tice
reacts .on every other, the computation would be so extensive asto
.make the method almost impracticable. Thus, where there is a gap
observations must be fabricated (of course noting that they ae
fabrications) by .some sort of interpolation, jmd even values which are
very incorrect are better than none.* If the interpolation is ex
tensive, it might be well to testits correctness in a few places whentre
reduction is done. If a whole week or fortnight be missing, and if
the computer cannot find a plausible method of interpolation, I can
only suggest a preliminary reduction from the continuous parts, ax
the computation of a tide table for the hiatus. Each such case must
be treated on its merits, and it is hardly possible to formulate general
rules.

APPENDIX,
Tables and Mules of General Applicability.

A. To find MY,

The following table is for finding what would be the mean moon’s
hour-angle, if the moon had been on the meridian at the epoch
This angle is denoted by jfVmor (y—  and is equal to the angle
through which the earth has turned relatively to the mean moon (at
14°*4920521 per mean solar hour) since epoch.

* Fabricated times and heights would very likely be no worse than real observa-
tions during a few days of rough weather, A perfect tide table only claims to pre-
dict the tide apart from the influence of wind and atmospheric pressure; «th

conversely, tidal observations must be sufficiently numerous to eliminate these it
ences by averages.
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| would be advantageous to extend the table up to 00 days, but it

I can be used as it is for periods greater than 30 days by the division of

| the time into sets of 30 days. In the second period of 30 days 5°*7
must be subtracted from the tabular entry, for the third period 1104,
and so on.*

For example: Find for 78 I1h 23m The day is 18| of
the third 30, and the tabular entry for 18~dI11his 113°%9, and sub-
tracting 11°‘4 we have 10205; 23mgives 5°‘6, so that = 108°/1.

The correct result is 107°'99, and it is obvious that an error of 0°
may easily be incurred by the use of the table.

The row for day —"is given because it may be necessary to use
ore tide before epoch; this row is used in the example below.

* Observe that the decimals run thus, *0, *5, ‘0, &c., then 4, *9, '4, &c., then
*§ 3, 8 &, and so on. The first entry in which the sequence alters I call a
“change.” The incidence of “ changes ” may be found thus : y —a is 14~—00795 ;
take Crelle’s multiplication table for 795, and note where the last digit but three,
having been 4, becomes 5; | say that this is a “ change.” For example, 559 x 795
= 444405, and 560 x 795 = 445200 j then a change occurs at the 560th hour, or at
the (12 x46 + 8)th hour, or at 23d 8h. If the table be continued to 60 and 90 days,
&e, by subtracting 5°7, 11°4, &c., the changes will fall a little wrong, but they may
easily be corrected by means of Crelle’s table, as here shown.— (Added Aug. 2,1890.)



or N

Table of

304 Prof. G. H. Darwin. [June 19,

OqtOt>©0q,*P1>©0gTpI>OrHMOO©r-HOO©OrH©cO©OCcOiftA
°© ©OHHHHHCAI"WNCOWCOCOAI'ANANOIOVOIi0iitA!

,ﬁg’%H0q©Tp|0©i>©©©|HH|9ﬁqﬂtgg@'ﬁg@@w&a@@aap@- §q

R
833X

A % ¢ %&gﬁ%? é% g%gﬁﬁ%ﬁ;ﬁg%% OOSOONffiw-f mns,

H HOHOHOH

o 0 PWNHOO90)N9 »0"POOGrHOOOO 191 © m” 0 ©

© HURGRETNTE CHOGERYT R © senisneries

g 9 ©OI>x>Oto-TflO mh ©O0QI>CtOHPCIGrH © & 6o - © @ 1o epey

® THEREEPER BEFEENE G 353838508

= 0 ~OO<NHOOOE>E tt? OQHOO © O (o f»OgrHOO dis

T BP0, © HEERE° B BRRIRAERES

) _@)Cf)@:é@tOTﬂ@OhoH ©©©tl>%tt%"©0_cer ©00O0Ot"0I0"ON

Bgorgocfolyeey BRI DETED BRNRNEMse

H oHEA HE R R R HE HE R R R B

© e o 1 @R
©H"CO(MrH©©00i>*© tOrP©oqrHO©OXx>0® ©t/€)"P©OqT/I—\|O_©QO’\
PREEPRE G HEBREEERBE BRERMESR
©0©0.1>0t0TjlCog»H ©© ©x*©to © © oy rHOOO©4>OtONPOFS

BEOGEENR" B ORHRI80RE8H EREY:PEAEY

PAMCOWHOOOOI>CC 1o 5 o oy oo~ OO0 O©@MHI ©Q>

A P . O PP w~

° NooOoSTPuwWo M~
4 REERECRER S88358833 5 EEOEE RN
H ©00/elI0r"C00qrH 600 i>cocotongog rHEEOOMN OO <N

v %@%am@“ BRSAEILRR® M EneREs

rtSS

@

=Y 280

o

Ro Days.

® effz 8

*
" |OrJ»©5qup©00 >0© DTPOPNAO PO~ ©wTPNAOPD™
]
q D~ AN OO~ O T 0 NO©OSONODD~
8 TNOHIPO NSO~ DO I HNT ANO
OAdANA N~ NN TN NN
—

HOOON Ot 7



jj 1890]

Harmonic Analysis of Tidal Observations.

j("iii«00*. ®®0»00S©3SSSgaSg««««SS

COiONICONHOQIf N

~.r-UoC5COt>»»H”~OO 04
ocq050xc5|>x|—o t>

QH 04 H 04 04 04
HoO©00**©I0OTfiM04
coi> © N x ©4co© tfx
®0Q0 01COQOVOiI>"i0
04 H &4 M [e]} <M

C>»prf<0004»HOCIi00i>

04CDO " 0004 is Oi QO
OiCDaOiOCD”™ioNiTH
4 04 04

QC700I>ADHOACO(M
)rHI CO01SrHIDOS

[o} OiO(N~AH (M
g 04 04

~N&)r C5
2DiM ocC
e 0 04

— % —

(el
-

@ N~ -
- —

©
-

9 ~ fimNm©osa0t>

[13,Sgs, 83

7<C>a>ao04>coio”™icoo4

PPiassg

«C4nh 005 0500

|S ia|s$gR «
M 04 rH @ rH

T"Noaoo”~covoio”~co
| a8*\555%fes
AWAWNNHOOSOU)

~“COHCOHCOHCO

~9?>0i004>CDA™N,

sl bB

w

sS|

N

COip”"C004HOCS500i>
i0 05C0 4>Hi00i04C00
I>XCDI>iOCO®©O0i O©4 ~
04 04 04 04

FHOO5>X-A*COIp'AX04

rH i@00 04 CD© ~ 00 04 CO
coi>~cocoio©400rH ©4
04 04 04 04 04

©prf<X"~"TH®O®CSHS

X X
COOM0OQOJCDOCONH
ACOCO0"N©4COrHC<I105>rH
04 04 ol 04

H©Oo©X1>CO0io>Cb""CO
04CQ05C01>rHID05)©0
H 00 O 54 OS 00

o0 ~
04 04 04 rH 00

>

9

rH

[ee]

N
<
(32}

o~
h

217 %6

315
205-4

19-3
193-2
181 -1
355 -0
168-9

H O 05 Oi OONCO 10 Tp o:

CO4>O’\fQOO4CO
HOi 1710007 004
0 rH COrH QO r

A»pipr00C4HOCIi0O

00 04 COO 00 04 CO 05 QO
X 1ISMOCD QO 10 04 OH
rH rHQO»H QO rH OGO rH CO

04nHpPpO}001>COip'HHI

QO < 00 (M O Q
rHtCOOLNOO O0O0Ss
HCOHCOHO04HO04

Npi0O”~iCO0O 04H 005 00
o " CO O H100 H 10

OQOHO5000 050Q010
HCOH 04 H 04 04 04

A 0004 CO0ONMNXNIOCS
H 04 O rHDa 1> 10 0O 00
04 04 r rH QO rH QO

04rHO9 q01>COtto~CO

ON"OOHIOCS5CONHVO
© H X i> [e¢] uo 04
04 rH

[e)e)

04 rHO 0i 00 1S COIO »

rHIOC5)04COOANXO
‘>HC%|O}—? OHP04COWO
rH rH QO rH 00 rH 00

1> P 0004 rH O CO00

1*X(NCOO~™i>H
IOWHHCOOOIOOO00
rH COrH COrH QO rH 04 rH 04

("HOpPOONCOip'I'W

04 OO Ols rH IC 0O QO Jt>
"HCOOHO50NC5CO
HCOHCOHO04HO04 0

hl«

hl« him
10
04 04

hloi
1>

hrﬁa

04 04 04

~Oip~r"CO004rHOCS500

i>» rH 10 05 COS rH X 04
04 O rH 00 O -£> 05, 1>.U0

H COH 04 H 04 04 04

04rHpOS5)X "9 ~ONfI9

COI>H"000 cCo0o”00
X O 00001>|OG3CD
rH04rH04 04

NCO0O10~W C4HO00500

00C4C00"00<MC005CO
05 1>* X 001 [ee] 04

b2 < 0" 0s P 8
(MHOO05Q0ApiC510~
HPX041005 001>rH1005>
XiCNAIOCOACIOOO

04 04 04 04 04

SCOp~"WNHHODO
OicoNHibaiccsHT?

ONOS
04 04 04 04 rH
04rH©05XX CO 10 r
i005X X©rfiX04CcO00O
iICN"HCOOQOTrioJ X
04 04 04 rH rH
W o = == Q)
0 0~ o)
N N & 2 K&

114
-17-2

80

80

305

-22 9
-28-6

oo
b~
O

-



306 Prof. G. H. Darwin. [June 19-

Tofind V3

No table is necessary for the conversion of time into angle at 3°
per hour to find V,, or 2(7—j)t, since we multiply the hours by 30,
and add half the number of minutes. This rule is the same for every

day.
B. The tides S3and K2

It is required to compute JJand 0 from
TJcos 0 — 11 +X,jf cos w,

Jno0 = \J" sin U3
where w—2 he—  +««,
sun’s parx.—mean parxA
and 1+3 ( mean parx. y

the sun’s parallax referred to being its value at the middle of the
period under reduction.

If, for example, February 14 is the middle of the period, n is
found thus:—

Sun’ parx. Feb. 14 = 87*95 mean parx. = 8"*85, diff. = +0,*10.

*
[Phen Tl = IH—3X0 10, o t—
coo
The period under reduction consists in this case of an exact number
of semi-lunations. The following table gives X, and «», according to
the number of semi-lunations:—
No. of semi-
lunations, 1 2. 3. 4. 5. 6.
log X» 9*4300 9*4159  9*3920 9*3575 9*3113 9BI7
«  14°%28  28°*82  43°*36  OS/°*90  72°*43 &Y

hQis the sun’s mean longitude at epoch, found from Naut. Al.; ad
¥ f'" are found from Baird’s Manual iu the tables applicable to the
tide K2

C. The Tides N and L.

Summations are carried out over quarter-lunar-anomalistic periods,
numbered i, ii, iii, &. Grand totals are then made in two different
ways, Viz..—

[2(i+ Qi) =2 (iii+iv)] + [2(v + vi)—2 (iii+iv)]
+ [2(v+ vi)—2(vii+viii)]+ &c., to find S°,

and [2 (ii+iii) —2(iv + v)j + [2(vi+ vii) =2 (iv+ V)]
+ [2(vi+ vii) —2(viii + ix)3 + &c., to find S7,
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where, for example, 2(i+ii) denotes summation carried over the

half period made up of i and ii. These totals are multiplied by

@itain mean cosines and sines (whose values are given in F), and are
summed.  The next process is multiplication by a factor <
(7r/4(»+ Y)(m—1) of §4), of which the value depends on the num
of quarter-lunar-anomalistic periods under treatment. The following

table gives the value of this factor —

No. of i-lunar- . . .
anom. periods. iii. v vii. IX. Xi. Xiii.

$ 0-02950 0-01475 0-00738 0-00492 0-00369 0-00295

The anglej is also required; it depends on the time of the first tide
under reduction. If tO be the time in hours since epoch to the first

tide,
j = r-690—0°*5444 tQ

For instance, in the example below the first tide is at 3h 14m of
day — this is Sh46m or 8h-77, before epoch, so that t0= —8h"77;
then

j = 1°%690+035444x8°77 = + 6°*46.

D. The Tides KI? O, P.

Summations are carried out over quarter-lunar periods numbered
I, 11, 111, &c., and totals are formed like those mentioned in C, and a
factor 4 (which differs slightly from <3 is required in the formation
of S° and S**. This factor depends on the number of quarter-lunar
periods under treatment, and the following table gives its value :—

No. of t-lunar
periods. HI. \Y VII. I1X. X1, X1,

* 002076 0-01483 0%00744 0-00496 0%00372 0-00298

The angles i and | are required; they depend on the time of the
first tide under reduction. If tObe the time in hours of the first tide
since epoch,

1°-705-0°*549 tQ,
—00,255+ 00082 t

For instance, in the example below we have, as shown in C,
t0= —8h*77, and

i =+6°-52,
| = —0°-97.

It is required to compute T and  from



308 Prof. G. H. Darwin. [June 19(
ToosSYW=f— 00,
Tsin — pnsin 0,

swhere 0 — 2he-

The period under reduction consists in this case of an exact number
of quarter-lunar periods, and the following table gives the values of
pnand /3n, according to the number of quarter-lunar periods :—

NO. of 4-lunar
periods. HI. V. VII. 1X. XI. XII.
log pn9-5749  9-5628  9-5508 9*5303  9-5009 94618
fin 20°’B3°-66 47°-13 60°-59 74°-06 ¢

hQOis the sun’s mean longitude at epoch, the formula for | is given
above, and v\f are found from Baird’s Manual in the tables .
to the tide Kx

E. Rulesfor the Partition ofthe Observations into Groups.

If the first event after epoch is a L.W., either omit it from the
reductions, or let the first tide be the H.W. which precedes epoch.
Thus we are to begin with a H.W .#

The H.W. and L.W. are treated apart in separate tables.

Each tide (H.W. or L.W., as the case may be) is numbered cor+
secutively, from 1 onwards.

The following are rules for partitions —

* This is not necessary, but it makes the statements of the subsequent rides
simpler, as they have not to he given in an alternative form.
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For M3and S2
Semi-lunations numbered 1, 2, 3, &c.

No. of semi-lunation. ) i 2 3 4 5 6
No. of last H.W. in the semi-

lunation ........ 29 57 86 114 143 7]
No. of last L.W. in the semi-

lunation............... 28 57 8 114 142 11

Total No. of tides up to end of each
semi-lunation......ccceceev e evevennee 57 114 171 228 285 342

For Annual and Semi-annual Tides.

Months, or parts of ayear, numbered 1, 2, 3.
No. of month......cccoeeovveereenne. i 2 3
No. of last H.W. in month . 59 118 176
No. of last L.W. in month 59 117 176
Total No. of tides up to end of each month. 118 235 352
No. of tides in each month............. ....... 118 117 117

The epoch for the second quarter year should be 91 days after first
epoch, that for the third 92 days after the first, for the fourth 91 days
after the third, except in leap year, when the last should also be 92
days.

There are six tides (or about thirty-seven hours) more in a quarter
year than in xiii quarter-lunar-anomalistic periods; the times of these
six tides (or ten tides in one of the quarters) are to be omitted from
the reduction, and their heights are only required when the annual or
semi-annual tides are to be found.

F. Cosine and Sine Factorsfor all the Tides.

These are the cosines and sines of 2° 30", 7° 30", 12° 30, &c. They
are as follows:—

Cosine and Sine Factors.
Read downwards for cosines, upwards for sines.

1. 0-999 10. 0-676
2. 0-991* 11. 0-609*
3. 0-976 12. 0-537
4. 0-954 13. 0-462
5. 0-924* 14. 0-383*
6. 0-887 15. 0-301
7. 0-843 16. 0-216
8. 0-793* 17. 0-130*
9. 0-737 18. 0-044
In the evaluation of S°~ f Vemd S*1

marked * are required.
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G. Increments of Arguments  Various Times.

The following table gives the increments of arguments of the several
tides in various periods, multiples of 360° being subtracted. This
table facilitates verification of the calculation of the harmonic con-
stants.

m3 S2. Ko. N.
1 hoar........ 28°-984104  30°-00000 30° -08214 28° -43973
1day.......... - 24 -3815 0 + 1-9713 - 37 -4465
10 days........ +116 -185 0 + 19 -713 - 14 -465
100 days .... + 81 -85 0 -162 -87 -144 -65
L. K, 0. P.
1hour........ 29° 52848  15°-04107 13° *94304 14° -95893
1day.......... - 11 -3165 + 0 -9856 - 25 *3671 - 0 -9856
10 days........ -113 165 + 9 -856 +106 *329 - 9 -85
100 days .... - 51 -65 +98 -56 - 16 11 - 98 -56
Example.

(a.) Place, Time, Datum Level, and Unit of Length.

The case chosen is three months of observation (in reality the tidal
predictions of the Indian Government) at Bombay, and the epoch is
Oh Jariuary 1, 1887.

A datum at or very near mean water-mark is taken, so that all the
H.W. are positive and the L.W. negative. This datum is found by
taking the mean of all the H.W. and L.W. of the original observations.
In this case 99 inches was subtracted from all the tide heights. |
might more advantageously have subtracted 102 or 103 inches, but
99 inches was chosen from considerations applicable to my earlier
?ttempts, but which do not apply to the computation in its present
orm.

At places where there is a large annual inequality in the height of
water, it would be advisable to use a different datum for each quarter
®avyear. It is not, however, important that the datum should con-

rm rigorously to mean water-mark, for even the discrepancy of

f2 B> occurs ha my example, does not materially affect the

In recording the heights, a convenient unit of length is to be used,
ald ™ ~ advantageous that the H.W. and the L.W. should be expres-
sible by two figures, so that the larger H.W. and L.W. shall fall into

®eighties and nineties. The unit of length is here the inch.
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(b.) Times and Angles.

The times of H.W., numbered consecutively, are entered in atable
as shown on p. 313. Since Ohastronomical time is the epoch, the p.m
tides will come in the half days which are numbered with integrals
and the a.m. tides in the half days which fall between the integral
numbers.

From time to time there will be a half day with, no H.W .; this row
in the table should be left blank, but there happens to be no such row
in the sample shown. A computation form for times and angles might
be printed, for, although the exigencies of the printer have not alloned
the entries to be equally spaced in the sample below, yet the computa-
tion form might be printed with equal spaces, and the dividing lines
are to be filled in by hand.

The L.W. table is similar.

Both H. and L.W. are to be divided into quarter-lunar-anomalistic
and quarter-lunar periods, and semi-lunations, according to the rules
given in E. These partitions and the numbering of the entries could
not be printed, because of the occasional blank rows.

The formation of Vmand of Vs, by means of Table A and the rule
following it, is obvious. In the subtractions and additions under the
headings \V m—Vsand \VmA- Vs, 30°
necessary. Vmis found by doubling *Vm

(c.) The Heights. jJl

The H.W. heights are written in columns (with the same blanks &
in the table of times and angles), and are so arranged, either on
strips of paper, or by folding the paper, that the heights may be
pinned to the times, bringing each height opposite to an angle on the
same row with the time corresponding to that height. The heights
will on one occasion have to be pinned opposite the Vmcolumn, on a
second occasion opposite the Vscolumn, and on a third occasion opposite
the \ Vmcolumn.

The L.W. heights are written in similar columns, but the minus
signs should be omitted.

It is well to divide the columns, or to put fiducial marks in the
table for easy verification of the proper allocation of the heights with
the times. Any marks suffice, but the division into quarter-anoma-
listic periods, as shown below, seems to be as good as any other.

If it is proposed to evaluate the annual and semi-annual tides, it is
necessary to carry on the heights beyond the times by 3 (or 5)
and 3 (or 5) L.W., and to partition them into months. The mean
for each month is evaluated, and if the successive quarters of the
year are referred to different data, the mean monthly heights must
all be referred to a common datum. This process is not carried out
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in my example, because it is useless to attempt tbe evaluation of
these tides of long period from three months of observation.
H.W.
55 i
23
47
19
41
19
37
26
35
37
37
52
42
66 i
50 ii
80
57
91
63
None
m
67
101
66
99
65
92
58 ii
81 iii
&c., &c.

The sum of all the H.W. entries to the end of xiii is 9791. T®
sum of all the L.W. entries to the end of xiii is 8577. There are 173
H.W. and 173 L.W. Hence mean sea-level is 3~ (9791—8577),
which is equal to +3'51. It would have been better, therefore, o
have subtracted 103 inches instead of 99 inches from all the heights-
This would have given mean sea level at —0*49 from the datum

adopted.
(d.) Sorting the Heights according to the Values of the

In the tables below the column 0° belongs to all angles between
0° and 5°; 5° belongs to 5° to 10°; and so on.
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Where an angle falls exactly on a multiple of 5° an arbitrary rule
of classification is required, and it is easiest to deem it to belong to
the next succeeding 5°, rather than to the preceding 5°.

(e.) Sorting according to Values of Vm

The H. and L.W. are treated in separate tables, similar in form
save that the —signs of the L.W. heights are omitted.

The sheets of heights (c) are pinned opposite to the on the
tables of angles (b), and the heights are then entered successively
into the columns corresponding to their Vims in a table like the
following.

The division into quarter-lunar-anomalistic periods is maintained,
hut as this sorting is to serve a double purpose, it is necessary to mark
the end of the last semi-lunation. In these tables there are two H.W.
and two L.W., which fall after the end of 6 semi-lunations, and before
the end of xiii quarter-lunar-anomalistic periods.

Nearly all the entries fall into one quadrant for H.W., and into
another for LW. Thus there are no H.W. entries in the 4th quad-
rant, and no L.W. entries in 2rd quadrant; there are altogether only
10 HW. entries in 1¢ quadrant, and 3 in 3rd quadrant; and there
are only 4 L.W. entries in the 1¢ quadrant, and 17 in 3rd quadrant.
Something like this would hold true at all ports.

zZ2
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(f.) Table of Sumsfor Nand L. (See p. 320.)

Maintaining the divisions i, ii, iii, &c., it is now necessary to sum
each of the four times 18 vertical columns in each of the xiii divi-
sions, to subtract the 18 columns of the 3rd quadrant from the
18 columns of the 1st, and to subtract the 18 columns of the 4th
quadrant from the 18 of the 2nd The 2nd—4th columns have then
to be reversed.

Since in this case nearly all the H.W. fall in the 2rd quadrant,
and nearly all the L.W. fall in the 3rd gnadrant, it is easy to write
down at once 2nd—4th, and 1st—3rd, as shown on the next page.

In this the —signs of the L.W. entries have to be reintroduced,
but as the L.W. lie mostly in 3rd quadrant, which enters with nega-
five sign, they become positive again. It thus happens that nearly
all the columns come out + ; there are, however, a few —in xii.

(g.) Table of Sumsfor M2 (See p. 321)

We now disregard the sub-divisions i, ii, iii, &c., and sum the
4 times 18 columns into grand totals, stopping the summations,
however, at the end of 6 semi-lunations (i.e., at 171 H.W. and
171 LW.).

It would hardly be wise to attempt in this case the subtractions
1st—3rd, 2nd—4th, without the intermediate steps.

The following table (p. 321) gives the results.

(h.) General Rule for Cosine and Sine Summations.

Lor ‘cosines’ the 18 numbers required are derived from
(1st—3rd)—(2nd—4th, reversed).

For ‘sines ’ the 18 numbers required are derived from (1st—3rd)
+ (2rd—4th, reversed).

(i.) Evaluations of N and L (continued). (See p. 322.)

Cosines—From Table (f) of Sums enter the 18 *cosine * numbers,
hi accordance with (h) in xiii vertical columns, and perform the
operations indicated in the example on page 322.

lhe column of ‘cosine factors ’ are those given in F, and 4> is
given in C for xiii ~-lunar-anomalistic periods.
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Cosines (continued).—Form columns ii + iii, iv+ v, vi+ vii, viii + ix,
X+Xi,  Xii+ xiii. Form difference columns (ii + iii) —(iv + v),
Vo(vit+vil) —(iv+V), (vit+vii) — (viii+ix), (x+xi) — (viii+ix),
I (x-]-xi) —(xii + xii) ; add the 5 difference columns together ; multiply
by cosine factors ; sum and multiply by 4>or 0*00295.
The result is - —

Bos Vm= —8*38.

Sines.—From Table (f) of Sums, enter 18 “sine” numbers, in
accordance with (h) in xiii vertical columns.
Perform all the same operations as those on * cosine ” numbers,
save that we use sine factors, which are the same as cosine factoi*s in
inverse order, viz., beginning with 0*044 and ending with 0*999.
The two results are—

By VnE +5%94, Si"h sin Vm= + 10*06.

Collecting results, proceed thus :—

Steos Vm —+11*38. S cosVm= - 8%38
Si-AsinVm=+10*06. Shsin Vm= + 5%04,
Sum = +21*44, Sum — - 2%,
Diff. = + 1*32 Diff. = -14*32.

= \sum = +10*72. R=1isum= - 12
Q=i diff. = + 0%66. S= | diff. = - T7*6

(i.) Evaluation M2 (continued).

From the Table (g) of Sums for M2enter in one vertical column
18 cosine numbers, in accordance with (h); multiply them by
cosine factors; add up and divide by the total number of entries for
h semi-lunations, viz., 342.

The result is :—

Aw= cos = —30*58.

Then enter in vertical column 18 sine numbers, in accordance with

(h) ; multiply them by sine factors, add up, and divide by 342.
The result is :—

Bm= g sin Vm = +38*47.

(k.) Sorting according to Values of Vs, and Evaluation  S3 K2

Ihe H. and L.W. are treated in separate tables, similar in form
save that the —signs of the L.W. heights are omitted.
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The sheets of heights (c) are pinned opposite to the TVs on the
Tables of Angles (b), and the heights are entered successively into the
columns corresponding to their F/s in a table like (e), which was used

for sorting according to values of Vm
as the end of an exact multiple of a semi-lunation,—in this case tothe
end of 6 semi-lunations. No sub-division is , but for the

purpose of verification it is useful to break the entries into groups of
about 40. This is conveniently done by a division after each third
A-lunar-anomalistic period, so that i, ii, iii would be the first group;
iv, v, vi the second; vii, viii, ix the third; and x, xi, xii, and all but
the end of xiii, the last.

In this case the entries fall into all the four quadrants with about
equal frequency.

We next sum the four times 18 columns, just as with M2 in (g),
and form 1st—3rd and 2nd—4th, reversed, in the same way.

Next we write the 18 cosine numbers, (1st—3rd)—(2rd—4th
reversed) in vertical column, multiply by cosine factors, add, and
divide by the total number of entries, which is 342. Afterwards
write the sine-numbers (1st—3rd) + (2nd—4th, reversed), multiply by
sine factors, add, and divide by 342.

The results are:—

AS— cos V3 = +21-08. 3B~ sin F$ —+362

(1) Sorting according to Values of *Vm

The whole process is precisely parallel to the sorting according to
values of Fmin (e) ; the thirteen divisions are, however, given by the
quarter-lunar-periods I, Il, .... XIIl. The only difference lies in the
substitution of the factor F (for X111 equal to 0-00298) for & Itis
unnecessary to give an example.

The results are:—

S°h cos \Vme -10-50, S°Asin\V m= +8-04,
cos\Vm -+ 0-40, SMA sin \V m:
(m.) Sorting of \

It is required to find what the sums in (1) would be if every HW.
height had been unity, and every L.W. the same both in magnitude
and sign; in fact to find S° cos \Vm S* cos \Vm &c.

This is done by counting the entries in the preceding sorting iu
(1) without regard to magnitude, taking the L.W. entries as actually
positive, instead of being (as they are) negative quantities with the
negative sign suppressed.

Since in this case we have simply to count entries which are all
treated as positive, the table of sums of H. and L.W. may be written
together. The following example gives part of the work—
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TH-

H. and L.W.
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We next proceed to form X111 columns of cosine numbers, ad
generally to operate exactly as though these numbers were heights-
and then proceed with X 111 columns of sine numbers in the sare

way.
The results are

S°cos"Ym =-0-0522, S0.sm*V. =+0-0117,

S*" cos .= —0-0168, g'msin \Y m= —0-0129.

(n.) Formation of the Mean Sums of cos -8\t and sin m\iv

These may be found with sufficient accuracy from the last Table (m)
of Sums, part of which is given. In that table lines are drawn dividing
the columns into three divisions of six each. These are treated in
the way shown in the following example :—

H. and L.W. %Vm

Refer to preceding

sorting (m).

1. . . m ) —1st six of 2nd—4th

-3 0 0 + 2nd six of 1st—3rd

-3 +1 . * + 3rd six of 2nd—4th
- ™ 3 +i -3 0 0

+ | &six of | B—=3rd

#o+i o+ +1 -2 + 2nd six of 2nd-4 th

+1 -1 -2 . . o -3rdsixofl&3d
1“-3d ..... +1 0 -1 +1 -2
2nd—4th, rev. 0 0 -3 +i -3

ii. - 1st six of 2nd—4th
-3 + 2nd six of |,t- 8r

+3  +3 . +3rdsix of 2nd-4th
2U_4th 11t. 43 +3 ' . -3
+ 1 six of Ist-3 1
L 0 # -2 -3 + 2nd six of 2nd—4th
+2 -3 -2 . -3 dsix of 1*“—3d
1st_ 3rd......... +2 -3 -2 -2 -3
2nd—5th, rev. -3 . . . +3 +3
hi. &C. &C

We have now only 6instead of 18 sub-divisions of the quadrant, but
the cosine and sine numbers are found in exactly the same way &
before.

The following example shows part of the treatment, and the cosins
factors are those marked * in F.

j
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The remaining process is exactly like that pursued before, and th.
four results are

S°cosfVm = +00347, S°sinfVio = —0T830,
cos -fVm= —0*0479, S*sin -V — —0*0173.
(0.) TheSorting of A\Vm+V,  of "Vm—!

These angles have to he sorted without reference to the heights, o
just as though all the heights were unity. Every entry is to bere-
garded as unity. The following example shows part of the sorting of
AVm+Vi, and 1 denotes a HW., f a L.W.; by this device H. ad
L.W. may be sorted on the same paper.

We may also, if it is found convenient, put on it the sorting of

$Vm—V, by adopting, say 0, to denote a H.W. and * a LW, exth
one of these four signs denoting simply unity.



11890.] Harmonic Analysis of Tidal Observations. 329

0
£ S
| S
b' a
tt/\ 6
4
>
+g&)
. N
*
» o
rrj ~
HH ‘A
\Y
d 6
»
| A
K
Pu .
4

V° L- XLVIIIL 2 A



330 Prof..G. H. Darwin [June 19 \

We then proceed to count these I’s and +’s just as was doe
with the number of entries in the sorting of and to operate :n
them in the same way.

The results are

S°cos (iV»-V,) —'0078, S°sin (JVm— Vs)-
cos V,) = +*0280, S”sin ("YO—Y,) = +0078,
S°cos (EYWHY ) + 1244, S°sin (-[Ym+Y's) =+'0094,
"S~cos (*Y»+Y) +-0147, SVusin (2Ym-fV,) — p*084

(p).—Evaluation of Fmg, Gw(), fn{0, gmad Ej™n\ gNw
G<\ is{0 gslO, W  G/K fM g/M.

These 16 coeflBcients are required to correct the four suns
S°h ivm S for the influence of, the tides M2and ¢

| call S°hcos "V m+ corrn., W, S°h sin YR+ corrn., X,
other two Y and Z.
The correction to be applied to S°7i cos ~Ymto get W is

- [iy«>A»+ GJO)Bm+Fs{@As+ G,*>E
and the correction to be applied toS°/t sin*Y mto get X is
—[f» n°*Am- gQoBa-Hf/g  +

and the two other corrections are given by symmetrical formal®
with Q) in place of (0).

These coefficients are computed from S° and Shr of @SGY»+V¥*)

and of g. (*Ym+ "Y«))as given in (m) (n) (0). It must be especially

noticed that we have above in (m) computed S° and S of sin
but J2VAV m= —Vm so that the signs of our previous results mu
be changed in these two cases.

If we remark that Jmand Js are constants found by theoretical con
siderations, that Am B,,, Ag, B,, are already found, and that in the
first column we are compelled to omit the affixes to the letters Sk
and the P’s and G’s, because they indicate various sorts of S’s and I'8
and P’s and G’s in the different columns, the computations in the
following table are easily followed :(—
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8°.
Am= 2.

Yp = Y».

:SABIVM—\?) -.0261
2N cos : Vm+ V) + -0174

Sum 2 - -0087
Difie. a - -0435
- *0174

JA - -0870
2+JXA=F - -0957
A4& =g - -0609
£Ssin OYm-Yjo) - -0059
jSsin 0 Yj»+ - -0915
sum  ff - -0974
Biff. s + -0856
K- -1948

kS + -1712

J+ kSsf + '0738
+&0) = Q + -1092

k,= 2 -07.

S°

YP= Yi.

+

+

+

+

+

-0039
-0622

'0583
-0661
-1207
'1368

-0785
-0546

-0030
-0047

-0017
-0077
-0035
-0159

-0142
-0042

Si'-.
km= 2.
Vp
-0084
+ *0240

- -0324
+ 0156
- -0648
+ -0312

0012
- -0492

+ -0065
- -0087

- -0022
+ -0152
- -0044
+ -0304

+ -0282
- -0108

ks =2 -07.

Si".

=Yp = V.,

+
+

o4+ o+ o+

+

-0140
-0074

0214
-0066
-0443
*0t37

-0351
*0509

-0039
-0417

0466
-0378
-0944
-0782

-0326
-0566

A2
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W = —15-99 X = +12-75

Z=+ 753 Y= + 016
W+Z = — 8-46 X+Y = +12-91
W—Z = —23-52 X-Y = +12-59
i(W+Z)= - 423 £(X+Y)= + 6-46
i(W-Z)= -11-76 *(X—Y)= + 6-30

(g.) Computation of Astronomical and other Constants.

Find sQ the moon’s mean longitude (see *Nautical Almanac,
Moon’s Libration), and hO the sun’s mean longitude (sidereal time
reduced to angle) from the ‘Nautical Almanac,” andjpOthe longitude
of moon’s perigee, from Baird’s Manual,* Appendix Table XII
(there called jt), at the epoch QI January 1, 1887, Bombay mean
time, in E. Longitude 4h'855.

From Baird, Tables X1V, XV, XVIII, find N the longitude of
Moon’s node, and J, v, £ at mid-period, February 14, 1887.f

With the value of I find fm from X1X (1) for the tides M2 N, L;
from X1X (3) find fOfor the tide 0 ; from XIX (8) find f/ for the
tide ; from X1X (9) find f* for the tide K2; from XX find »/ for
the tide Kj; and from X XI find 2v* for the tide Ks.

The results are

0= 359°-43,  hO= 280°-63, pO= 165°-36.
v= —0°60, | = -9°-00.

I/f» = 0-9709, 11%= 1161, f= 0915 f" = 0-802.
v ——630, 2v'= —I°-75,

Then compute initial equilibrium arguments, in the symbol for
which the subscript letters indicate the tides referred to,'—

Un— 2(h0-rp)— 2(s,,—£),u0— (ho—v)—2fs0—g) + "SI, us  o°,
= 203°*Q0, = 3°*37,
for Klsul = h0— g for K§ u" = 2h0-2 v'\
= 196°*93, = 213°-01,
UH— Um— (igo—jPo), U — um+ (sO—pf) + 7,
- %53 =21T-67,

W= —ho+\7r = 169°%37.

Manual for Tidal Observations,” by Major Baird. Taylor and Francis, Fleet
Street, 1886.
t In making these reductions | have really used the value of N for July 1, 1887,
eoause | am operating on tidal predictions made for the whole year 1887, which
\s/i‘gg doubtless made with mean N for that }/ear. The difference is almost insen-
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We have already shown in B the way of computing n, axd

TL= 1034* )
In C and D we have shown how to compute./, i, I, and = + 674

i = + 6°%52, | = —0°*07.
By the formula in B, with *n= 86°*97 for 6 semi-lunations,
he—2 vt -\-xa-
= 299°'97 =2 —60°*03.

By the formulain D, with f3n= 87°*52 for X 111 quarter-lunar periods.

0— %ho—v
= 204°*11 = —65°*89.
By the formula in B, viz..—

Z7cos 0
TJsin 0

I+ \»f” cos u),
\*f sin to.

With log X» = 9*2517 for 6 semi-lunations, and with the above values
of Il, ', to:—
0 = —6°*40, (+) log Z7= 0*0464.

By the formula in D, viz .(—

T cos 0
Tsin0

f'—pncos |,

pnsin 0,

with log pn= 9*4618 for X 1Il1 quarter-lunar periods, and with the
above values of f' and 0 :—

0 = —18°*35, (+) log T = 9*9241.
(r.) Final Evaluation of M2
From (j) Bm= +38*47, A* = -30*58, tan =

Bmis + and Amis —, so that lies in second quadrant; whence
= TFb51°*51 = 128°*49.

Then .B nosec

* As the Indian tide predicting instrument takes no account of solar parallel
should in reality have done better to take Il as unity. But of course this consider*t
tion does NOt apply to real observations.
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whence, on reducing from inches to feet,

H* = 3-98 ft.
Also *» = = 128°-49 + 203°-60 = 332°-09,
where the value of uim taken from (q).

(s.) Final Evaluation of N and L.
Taking the values of P, Q, R. S from (i),
fWH, sin (E»—) = —P = —1072, f»H;sin (&+j) = + Q= + 066,

fBH,cos (E«—) = —S = + 776, fwHjcos —R = +P22.
Knjies in 4th quad., D+i "es 1stquad.;

whence £n— — —560,27.

Then H,, = L cosec en X(—P)

whence, on reducing from inches to feet,
H,, = 104 ft.
Again, since from (q) j— +6°54, we have = —49°73 "

and K= gn+un=310027 + 9“-63 = 319080, where the value of unis
taken from (q).

Turning to the second pair of equations,
& +j = 28°-4.
Tlien H/ = -1 sec (&+/) x (—R) ;
whence, on reducing from inches to feet,

% EB = 0-11 ft.

Again, since j= +6°5 we have = 219, and
—21 9+ 217°7 = 23906, whei’e the value of ui is taken from (q).

(t.) Final Evaluation of S2and K2

Flom (k) B, = +3-62, = +21-08; tan £, = X
*ailt A are +, sothat lies in | Kquadrant;
whence

&= 9°71.
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whence, with log U already found in (q) as 00464, and, reducing
inches to feet,
Hs = 1-60 ft.
Again = fs+0 —9°71—6°40 = 3’31,

where the value of 0 is taken from (q).
Lastly,

H" = 0-272H, = 0’44 ft., and == 3

The factor O272 is an absolute constant.

(u.) Final Evaluation of K0, P.
Taking the values of |[(W —Z), -|(X +Y) from (p),
TH'sin (C-H-0) = = -11-76,

TH'cos (E+i-f) =-J(X+Y) =

+i—0 lies in third quadrant, and
= 1+ 6102 = 241°*2.

P

Then since, from (q), yp =—18°35, we hay

since from (q) i = 6°'52, therefore £' = 216°'3; whence
* = r'+w' = 216° 3+ 196°'9 = 53°72,

where the value of u is taken from (q).

Then H'= i C~"~2Z) cosec 0),

whence, with log T already found in (q) as 9’9241, and reducing from

inches to feet,
H'= 1-33 ft.

ITp—0-331H' = O44, and — —53°
The factor 0*331 is an absolute constant.
We now have to compute
L —~(X+Y) tan”e+ f'H' cos (f' + i) tan’<?,
M= KW-Z) tan £e-f'H'sin (E'+ tan
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where log tan — 90677, an absolute constant for all times and
places. With the values of f' and |[(X-|-Y) and (W —Z) given
above in (q) and (p), and with the values of H' and  + i just found,
there results—

L = -0-495, M= -0-214.
Now fHOsin (£,— i)—™MNW + 2) + L,
f(HOcos (Xo-)=  i(X-Y)+M.

We have found in (p)

i(W+2) = -4-23, i(X-Y) = +6-30,
so that
foHflSin (fo—i) = +3-73, f,,HOcos (E0—i) = +6-09,
Whence Ko—ilies in the first quadrant, and
r,-i = 31°50.
Then H,= L[1(X-Y) =M] sec (C.-i),

whence, reducing from inches to feet,
HO0= 0-69 ft.
Again,
~ = &+ul0= (£0-i)+ i+Uo= 31°-50+ 6°-52+ 3°-37 = 41°-39,

where the value of uQis taken from (q).

(v.) Final Reduction of Mean Water Mark.

We subtracted 99 inches from all the heights before using them,
and the mean of the heights was then + 3"51 inches. Hence mean
water is 10251 inches, or 8-54 feet above the datum of the original
tidal observations.
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(w.) Results of Reduction.

Error of present calc,

in inches and
Mean of 9 yrs. obs. minutes.
Mean water, 8’54 ft. 8223 4 in.
m = 3-98 ft. 4-043 f in. too small.
Ms '||_* - 332° 330° 4* too fast.
« Jh = 1760 ft. 1-625 4 in. too small.
29K — 3 Nil.
xr JCH = (%44 ft. 0*405 jrin. too large.
[c = & 352° t 22mtoo fast.
N' im = 1-04 ft. 0-997 ~in. too large.
j* — 320° 313° I mtoo fast.
T mm = 0T1ft 0-088 5 in. too large.
L 1K = 240° 308° 2h 18mtoo slow.
T Jn = 133 ft 1-396 § in. too small.
11* = 53° 45° 32mtoo fast.
o itH = 0%69 ft. 0-658 in. too large.
s U = 41° 48° 29mtoo slow.
p ifN = 044 ft. 0-404 ~in. too large.
p [K — 53 43° 40mtoo fast.

The second column is given because, if the calculation had beeu
conducted by rigorous methods instead of approximately, my results
should have agreed very nearly* with these. The causes of sewveral
of the discrepancies are explicable. The error of mean water mark
is due to the necessity for neglecting the annual and semi-annual tides
in a short series of observations. The error in the height of S3is
partly due to my taking FT = 1-084 instead of putting it equal to 1,
as is virtually done in the Indian tidal instrument. If | had taken
IT= 1, 1| should have had H* = 1'65 nearly. The error in phase
in K2 is a necessary incident of the shortness of the series of
observations. The error of N must be due to the shortness of the
series, which has not permitted an adequate elimination of the
evectional and variational tides. The tide L is only about an inch
in height, and accuracy of result could not be expected.

The magnitude of the error in time in the diurnal tides is disap-
pointing, but it is clear that the length of observation has not been
sufficient to disentangle the O tide from the Kxtide. It may be re*
marked also that an error of 1° in phase makes twice as much diffcr-

* | do not know the exact values of the constants used in the Bombay Tw®
Table, which has been used as representing observation.
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ence in time with the diurnal tides as with the semi-diurnal. The
errors of P fall under the same category as those of K2
Lastly it is probable that all these errors would have been
r* sensibly diminished if I had subtracted 103 inches from the heights
all through instead of 99, and I know that this is to some extent the
case.
(x.) Verification.

In a calculation of this kind some gross error of principle may have

1 been committed, such, for example, as imputing to some of the s a
wrong sign; and this is the kind of mistake which is easily over-

m looked iu a mere verification of arithmetical processes. It is well,

{ therefore, to test whether the tide heights and times are actually
given by the computed constants. This is conveniently done by

, selecting some three or four tides from amongst those from which the
reductions have been made, and it makes the calculation much shorter
if we pick out cases in which it is H. or L.W. within a few minutes
of noon.

i For example, in the present case it was L.W. on February 16
(day 46) at Oh7m p.Mm., and the height was 4 ft. 0 in.; again, it was
HW. on March 25 (day 83) at Oh 3m p.m, and the height was

, 18ft. 3in.

Now, if TJ denotes the value of any equilibrium argument whose

1 value at the epoch, Oh, January 1, was denoted in (q) by u, and if
Au denotes the height of mean sea-level above datum, the expression
for the height of water is .(—

AOCr fuH«cos (Um—Kn)+ H, cos (17; - k)+f"H" cos (IT -

+ f,,H,COS ( Th—+ 3L cos — +f'H * cos (U'-
+ fOH 0CCB (Uo— id)) + 117 Q0B (Up — Kp).

The time of H.W. depends on a formula involving the sines of

» e same angles in place of cosines.

Since we have chosen cases where it is H. or L.W. at noon, the

5 " sexceed the u'sby an exact number of days’ motion.

The evaluation of the separate terms may be conveniently made by

, means of an ordinary nautical traverse table, where (neglecting the

i decimal point) fH is represented by the “Distance,” and
fHcos(U— Kis given by “ Latitude,” and fH sin —&k) by “ De-
parture.”

i .~ weknow the time of H. or L.W. within 20mor so, the follow-
Ing calculation will give the true time and height. The computa-
tion applies to the first of the two cases where we know that there
sould be a LW. at about Oh of day 46. The increments of
argument are computed from the Table G, and the ks are subtracted
‘it ier by actual subtraction or by addition of 2te—k
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[June 19, |
m2 $ X N2 TS. L. Ki- o. P
Increment in 40d 464 -7 ?l?l% : < g -452 -7 39-4  po5 3
Ditto 6d -146-3 - = - 679 5-9 "15272 (see Kj)l
Ditto 46d 318-4 90-7 -282-6 -520-6 45-3 2731 _45H
— _ * * * -
u= 203 -6 213 0 9*5 217 *7  196*9 34 104
\7= 522 0 303-7 -273-1 -302 -9 242-2 i K
-C= -332°1 -3 3 -3-3 + 40-2 +120-4 -53 1 2171613?1 12&131}
0= 189-9 -3-3 3004 -232-9 -182-5 189-1
x D  +10 -3  -60 * 53 T—3  tt+9 29155% %Olix
f, H. fH. J3-k. fH cos -*Ye  £H sin (JJ-K.
.
g M2 1.3 398 410 o+10° 4 04 071
Is2 l-0 1*60 1-60 —3 1-60 0-08
Ks 0-80 0-44 0- 3560 0*18
N 103 1*04 1-07 =53 0-64 0-86
L 1-03 Oil 0-11 - 3 ol 001
+1-78 -4-79 +0*87 -1-09
+1-78 +0-87
A, = -3 01 B2= —0'"2
Kt 0-915 1-33 1*22 w— 9 1-21 0-19
\8 0 0-86 0-69 0-59 ff-55 0-34 0-48
5 P 100 0-44 0*44 71 0-14 0-42
+0-14 -1*55 +0*42 -0-67
+0-14 +0-42
A, = -1-41 Bj=—02%
iAx= -0*35 |B1=-0-13
Aj+jAj ——3‘36 B2+1Bj=-0-35
N B, +jBj\ 35
Time = —120m —120mx —12m= I1h48mAM
(/a2+ / 336
Tabular time  Ch7mp.m.
Error —19m
A2+ Ai = —4*42
Mean water +8'"4
Height = 4°12
Height L. W.......c........ 4ft. lin.
Tabular height........... 4 0
Error....oveeenenn. +1

In the second case referred to above, the calculated height is
13 ft. 6 in., and the tabulated height 13 ft. 3 in., and the error in time

is —I5m

These results are as good as might be expected, and, considered as
a prediction, would be amply sufficient for navigational purposes.



